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Circles
Sections 6.1 & 6.2

The many practical uses of the circle range from the wheel to the near-circular orbits of some communication
satellites. The mechanical uses of the circle have been known for thousands of years, and the ancient Greeks
contributed significantly to our understanding of the circle’s mathematical properties. The full moon, ripples in a
pond when a stone is dropped in, and the shape of some bird’s nests show some of the circles that appear in nature.

Our study of circles begins with some definitions, an explanation of the standard symbols used, and certain figures
related to circles.

Definition

Note:

Note:

Definition
Definition

Theorem

Deﬁnition

A circle is the set of all points in a plane that are at a given distance from a given point in the plane.

The given distance=___ (ocljus  0A=0C=0B =r

The given point=__ <2 nter O A
Notation: __ ® 0 - the cirle with cauter O c

A circle divides the plane into three distinct subsets:

AT B
- the interior 0e inte b
- the circle itself 'Af, B, Ceo O
- the exterior De €)<+ ®0

The radius of a circle is defined above as a number. It is standard practice, however, for “radius” to
also mean a line segment, as in the following definition. You can usually determine which meaning
of the word “ radius™ is intended by the context in which it is used.

A radius of a circle is a segment that joins the center of the circle to a point on the circle. - OA

A diameter of a circle is a segment whose endpoints are points of the circle and it contains the ——
center of the circle. AB

In any given circle all radii are congruent and all diameters are congruent.
(radii © = and diams O =)

Two or more circles are congruent if —‘J’(’VQH L\a ve conqr anl (o o
(Os = iff radii =). 19 C
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Definition Two or more coplanar circles are concentric if "HX?/UI |/\0k Ve \H’\Q Sawe con *f’i/

d
Question: How many circles can share the same center? E Y\‘l"“ L M’lu b “‘é/'
Definition A line segment is a chord of a circle if its endpoints are points of the circle. :—A'.B
. N
Questions: 1) Is a diameter a chord? 4@5
2) Is a radius of chord? No
3) What is the longest possible chord? “’L"‘ dbdwe%e 4 ®

4) How is the length of a chord related to its distance from the center?

Ha doter o Hhe canker | +he Lovsey +he Chord
0

Definition A line (or segment or ray) is a secant if it intersects a circle at exactly twp points.
<>

Ao -secant 4B N0 =448}

Definition A line is a tangent to a circle if it intersects the circle at exactly one point.

,@_an 2N o0 = 443 "

\
\
Problem #1 In the given figure, name: A
\
— — —_— S \,
a) foursradii 04, OB 5 05, 0] \*
b) two diameters ?Q—S S S
¢) three chords I; > (C oy S
P &3
d) two tangents G¥, BD
«—>
€) one secant £ K

Several types of angles associated with circles are seen in the above figure. The next definition describes the most
fundamental of these angles.

Definition An angle is a central angle of a circle if TS Ver fx & Tl c "-k‘(/ 'OK’L ' C e el
A central angle may be - acute < ko ]

- right

- obtuse (measure less than 180°) < \\' Vs
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These angles “cut off” portions of the circle called arcs.

Definition A minor arc is the set of points of a circle that are on a
central angle or in its | Y\‘\‘Q\F\‘ ov
N ¢ 0
Example: €\ < Correcpondle 12 b < QOJ)
U

Definition The intercepted arc of an angle is the minor arc associated

with the central angle.
~

Example: What is the intercepted arc of £SO.J ? SJ

Definition A major arc is the set of points of a circle that are on a  central angle or in its X ferior
p——

Example: _ € K | (C.arn:c/mno&'w;\ o < @OJ)
~J 7 U

Definition A semicircle is the set of points of a circle that are on, or are on one side of, a line containing a
o( ta w\de r
Example: SKe L 5 €
- t
Definition The degree measure of

a) aminor arc is the measure of its central angle (also known as The Central Angle Postulate),
b) a semicircle is 180°,

c) acircleis 360°,

d) amajor arc is 360° minus the measure of its associated minor arc.

E

Problem #2
Given: OO0
.S mZEOS = 41°
. o
Find: mES WMES = m< €E0S = &/
ﬁ‘ o
mESJ W €. [ = |£o
m2S0J meso| = 1£0°-4/72 397
mSJ wg| = \MLSOX' = 29°

niS WEKS =365 — b = 2197
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Note: The degree measure of an arc is not a measure of the arc’s length.

For the concentric circles in the figure,
mAB = mCD because the arcs have the same central angle,

but certainly ;1_1\3 is not as long as @ .

Definition An angle is an inscribed angle of a circle if its vertex is a point on the circle
and its sides are chords of the circle.
A
% 8 < ol

Central Angles, Arcs, and Chords

There are some important properties about central angles, arcs, and chords that are associated with a given circle or
with two circles that are the same size. But what is meant by “the same size™? congruent cCeedes
Q

Definition Two arcs of a circle or of congruent circles are congruent iff their degree measures are equal.
Note: Since congruent arcs are defined in terms of numbers (degree measures), the addition, subtraction,

multiplication, and division properties of congruence may be easily extended to include congruence
between arcs.

Theorems relating central angles. arcs, and chords in the same or congruent circles

Theorem 1 If two minor arcs of a circle or of congruent circles are congruent, then their central angles are
(6.1-T6.1.3) congruent (if 5=, central Zs =).

| 00 Proo - ‘
Given ,Q ~Sk S—}akmen% — £o g co N
J E\E — — o~ : ——
0O € :rit ‘ (. ow ¥ TN
frove il 2 owe] = ek 2 “‘%«I Yo-dulate
3wl = wEY 3. (uitrd % ?e}mqu
' g = wc<2 ¢ Cudead .
4. wm = . =T
< wme [ = m<? s :rmg/'& Vi y

C A X LS
u&.;) e . ﬂ&,mﬂox >

Converse 1 (Converse of Theorem 1)
(61-T6.14 L@ two contxal auolts w a crde of in wuaruent clicles ate

cwuprment s+en Fhedr ares are  cpugruent .
(ifcentral ZLs=, s=)
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Theorem 2

If two central angles in a circle or in congruent circles are congruent, then their chords are

%“C‘\)N e n‘k (if central Zs =, chords =).

Tres F
Write a formal proof. _ -
Given 00 Stede wents | Feasors
<\ =<2 L0, <t |1 gaven
— ) — - o
A oee FERTE o o408 [FoxBo|2 [rodi ©
S bopb [ Klxe2 iﬁ?‘ T
D B EOF-E.CT) \ rocta @
<AS
> scob \F =
) i Aﬁfgoi o, ¥. cPerc

Converse 2 (Converse of Theorem 2)

T £ T
1 o c(wrds w @ rche of ngw'f Cecles are c&/gm@ﬂL'
en s cuf red “‘“’%("‘ are chug ment

(if chords =, central /s =).

Theorem 3 If two chords in a circle or in congruent circles are congruent, then their arcs are CO’L(% w e"_{'b
(6.1-T6.15) (ifchords =, s=).
?5};‘?;?\ Write a formal proof. Proof
- i ‘ éﬁ@ Given OO0 Stafewouts ; Fe asous
ks X € L@ 0, E‘“’?’:% | %‘u\"”
R—— e . a
E A ey roda D—Eﬁ)o‘s 5. ‘*’('A/l: (qts aﬁ(_ﬂﬁrwb(u
Trve (3 2€] . B a Lue
: 0 e
K J 1 > Fox ko |2 reddw ©
A€gy ¥ Akos €. ]
A s T C o
—~ T ¢. Gl & f |
6. (i& = ks

Converse3  (Converse of Theorem 3)

(6.1-T.6.1.6 i o ares w A ekt Of ey mu&!’ cUrbes are b-&udvvb{éu,fll

New Hledr o rﬁ}wﬂwﬁawﬁ, Chorch are  cougr ead
(if s=,chords =). / <
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The above six theorems are summarized in the following diagram:

Zcentral angles <> =arcs <> = chords.

Problem 4
7¢°
J K Given: OO Find:
ES||JK a) Zs1-5
ijE=78° b) mﬁmﬁKSm.//—C\'
JE=1.5 cm

5Mxif:

( otd -M-i) ( lcosc- &) (ath o
—,

W(Z !1:-\4{‘\!k,." :‘:7!‘ >
) N s 4 x = &0
v/(" wel = % vhew x + w;Zo .
o418 %= o
\f—,S’f"
6\ \TL\M—([&‘-K’ L — .
w<l= 517 w56=w<l=54
M('Z:—[é’c W\kS-—W<3:5’°'
M(%:C]o W@>,80a'7$a: '02
wet = 51° .
McS =51° ‘ Ks :Je = 1,5 cun . .
Q&M,—;&,<s «=> X Chovds

Theorem 4 Chords are at the same distance from the center of a circle if and only if they are congruent.
(6.1-T.6.1.7

and T. 6.1.8)
A /
’ \

— a—

: J(076) = A(0T%) <=> B =Th

Note et dl0, #B) = Hbe f‘ahwk
from 0 te AT



Inscribed Angles

There are three different types of inscribed angles when considered in relation to the center of the circle.

1) One side of the angle may contain a diameter, as do < & \! S, L =8 K

'

2) The circle’s center may be in the angle’s interior as is the case for < €. l S

3) The center may be in the angle’s exterior as it is for < HBC

Theorem 1 The measure of an inscribed angle is equal to one-half the degree measure of its intercepted arc.
(6.1-T6.1.2) | (inser £=17)
2

Example: w< ARC = JZ m AC
) Fa
W < G‘Jk: JZ\M, Ek

Theorem 2 If two inscribed angles in a circle intercept the same arc or congruent arcs, then the angles are
(6.1-T6.1.10) congruent (inscr Zsintercept same or = sare = ).

E
' < Es F <ELS

\° < e ¥ < (SK

Theorem 3 If an inscribed angle intercepts a semicircle, then it is a ngk +' angle
(6.1-T6.1.9) | (inscr Zinterc semi @ is rt £).

W ARC = 4 owa COA 2 S 8072 Ao°

[~ i




Polygons inscribed in a circle

Definition Any polygon is inscribed in a circle if and only if all its vertices are points of the circle;
the circle is said to be circumscribed about the polygon.

Also, a circle is inscribed in a polygon if and only if it is tangent to each of the polygon’s sides.

r‘ Example:

' - the square is inscribed in the jd T%{,r o

L ' - the larger circle is U sCn '(M & about the square.

- the SWa r wredde is inscribed in the square.

A D
Theorem If a quadrilateral is inscribed in a circle, then its opposite angles are
(62-T62.1) : +a
5 W{ffra weuT A /,_j, (if quad inscr in O, opp £ s supp).
<« E + < D art .@\QT«T(U., AL Qw"“ a ‘3 4-( CQAl d. . B
| S e = o”

we® +wed-= é_wfprbc 43 WAL - z(v“b")" LS o

Theorem If two parallel lines intersect a circle, then the arcs of the circle between the parallel lines are

(6.2-T6.2.8) | congruent (if|| lines intersect O, e ).

~~ -
a) two secants % = Ch
~
b) secant and tangent LP = bP
——, >
c) two tangents ~ % ’PN G
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Chords, Tangents, and Secants

Theorem 1 The measure of an angle formed by two chords that intersect within a circle is ,
"fﬂ( Qres

(62-T6.22) ove-hatd Hi suw 04,, e wegsurs ¢
e avol.

(2 chords L:lsum H's). TR rj;ﬁ( ~ aﬁ
2 ou it ¢ auo L

<prgb-_e>d-<{ ‘foAE}B = P ~ |
\Md%?b-flz w AD + w B¢ \

m<ped = w<l4wc2
Juw Rr s Lwdp
Q_M BC“‘ 2‘“

If a line is tangent to a circle, then it is perpendicular to the radius drawn to the point of contact

Theorem 2
(6.2-T6.23) | (tan L rad to point contact).
1]
A
Corollary The measure of an angle formed by a tangent to a circle and a chord drawn
(6.2-T6.24) | to the point of tangency is onehalf the measure of its intercepted arc.
-~
W< HBC = L ow AR
Theorem 3 If an angle is formed by
(62-T6.2.5,
T6.26,T6.2.7 - two secants
or
- atangent and a secant
or
- two tangents
; . he
intersecting in the exterior of the circle, then the measure of the angle is O we - \Ad p"(‘ +
mjﬁt( e o) He weasures &é s w%fcb(:"jrt o ares.

we2 = we) ywed 3 dim D ~
i 2 we = 2.\ ~\
e oy oo D
:im EC,;L@BD <72
Toct o i (met-wBbd)|
we |




10

Problem 5 Use the figure to answer the questions.

Given OO
tan ETS'

a) Name two angles congruent to /KJE .
< kC{ and <« Mk
b) Name two angles congruent to £JCM .
< MK| and < S)M
c) Name three angles supplementary to Z/KJS .
< kjE ,2KCy | < s
d) Name one angle supplementary to &M .
< kM

Problem 6 Given OO
mEJ =88
mKS =74°
mlS:%méz
Find m/1-8
= o~
wm<< Tz w<d = J&@ €3+““ ts)
( M!ﬁ‘wf.(;)- N (2994779 - 9)°
-2

W<?2 = W< 6 = i(w ke 4,\44_)5‘
(Wb el <s) =

e T ?4w?‘>)
bwt m,t€'+\asi: 460 mv(“k b )

-~ 66°
- 240 - 1027 = (9 S
) 9
J~>w<2=u<£>“z’(mx):.ﬂﬂ m<3:€,ao
23" <y - 66
- A _
wigs yuecz = émﬁ) -7 ‘ mes = 33
“r ?) mc 6 = @670
P 7= €l°
. 784 =
<72 - ext< Aemy =3

m<p = 3%3°
WM< = wc | 4+nd& =2

wel = aa’-53% = g6 _ ,\,)
w<f = m<l = 66° (i <= in“ﬂﬁ’mme arfi

. i I >

wm<s = u,4<£ = 3?)0 (t’hSL‘,L(s m"—(ru,f;f Sawe are =
- = : ‘
adi DENG W<\ bwe ) +ucg - &

<

K



