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Circles
Sections 6.1 - 6.4

. The many practical uses of the circle range from the wheel to the near-circular orbits of some communication
satellites. The mechanical uses of the circle have been known for thousands of years, and the ancient Greeks
contributed significantly to our understanding of the circle’s mathematical properties. The full moon, ripples in a
pond when a stone is dropped in, and the shape of some bird’s nests show some of the circles that appear in nature.

Our study of circles begins with some definitions, an explanation of the standard symbols used, and certain figures
related to circles.

Definition

6.1)

Note:

Note:

Definition

Definition

(6.1)

Theorem

Postulate
(6.1 —P6.1)

A circle is the set of all points in a plane that are at a given distance from a given point in the plane.

The given distance= 0A4=0C= 0B =

The given point = unltr 0 A
Notation: @O - Hhe drede wta ‘-‘Q“'Hf o C

A circle divides the plane into three distinct subsets:
- the interior _OEM - b B
- thecircle itself M O
- the exterior M O

The radius of a circle is defined above as a number. It is standard practice, however, for “radius” to
also mean a line segment, as in the following definition. You can usually determine which meaning
of the word “ radius” is intended by the context in which it is used.

A radius of a circle is a segment that joins the center of the circle to a point on the circle. oA

A diameter of a circle is a segment whose endpoints are points of the circle and it contains the /-Jf—‘
center of the circle. AB=2r 5

In any given circle all radii are congruent and all diameters are congruent.
(radii® = and diams © %)

_}_» 0’0(, .-
Two or more circles are congruent if and only if 'H'*U’\ \\a Ve (/01!6\\’\4 en ( "

(Os = iffradii =). \X o




Definition Two or more coplanar circles are concentric if “H’Wﬂ 6‘” e _H” Lawe uw\e r

Question: How many circles can share the same center? "““[" w 1 Aoy

Definition A line segment is a chord of a circle if its endpoints are points of the circle. A = ClLD r L
(6.2)

A
Questions: 1) Is a diameter a chord? ‘ €5
2) Is a radius of chord? No
, ) D
3) What is the longest possible chord? 'H'*(' dua WLk -

4) How is the length of a chord related to its distance from the center?

Fha closer to e auter, e Loway,y e chordl

Definition A line (or segment or ray) is a secant if it intersects a circle at exactly twp points.

(6.2) j’—gmcad 4;/-&‘) No O . SA'BB

Definition A line is a tangent to a circle if it intersects the circle at exactly one point.
(6.3)
1- -Asw.%n‘/ L NoO-= 6"37 [»\
Problem #1 In the given figure, name: A
~a) fours radii oA > 0—(',— , 0 S OJ \&

b) two diameters AS 5 C\S

em—

c¢) three chords F , e~ SA
<>

D
>
d) two tangents GF s BDd
&>
p > e) one secant Ek




3
Several types of angles associated with circles are seen in the above figure. The next definition describes the most
fundamental of these angles.

. ) ‘f z
Definition An angle is a central angle of a circle if T verkex I the C‘Q'V\J‘fr V“L e u
6.1)

A central angle may be - acute <dho !

- right

- obtuse (measure less than 180°) < \0 5

These angles “cut off” portions of the circle called arcs.

Definition A minor arc is the set of points of a circle that are on a

6.1) o
central angle or inits ___inirioy”

P

Example: € CLO[W'\CU%\ to < éfﬂ )
J , U

Definition The intercepted arc of an angle is the minor arc associated
with the central angle.

—
Example: What is the intercepted arc of ZSOJ ? SJ

r
Definition A major arc is the set of points of a circle that are ona central angle or in its £X *? no/

(6.1) —, . ‘
Example: ék( ( LO“‘W'PDf‘Oe(Ng 10 <« 6-05 )
J ] d
Definition A semicirecle is the set of points of a circle that are on, or are on one side of, a line containing a
6.1)

Alawdber
T
Example: o ke 5 S\€

I

Arc Addition Postulate
(6.1) Let A, B, and C be three points on the same circle with B between A and C. Then

mAC =mAB+mBC



Definition The degree measure of

@ a) aminor arc is the measure of its central angle (also known as The Central Angle Postulate),
b) asemicircle is 180°,
c) acircle is 360°,
d) amajor arc is 360" minus the measure of its associated minor arc.
Problem #2
E Given: ©O
mZEOS =471
K S Find: mES mg:m<[03;4|°
D mESJ W ES J‘\ = \&¢° /Setw'a'mﬁ)
mzsos  M<50y = (0°-41°= |34°
S ms] = MLS O& \39°

mEKS W?KS: Yoo - 41° = B\Q°

C

Note: The degree measure of an arc is not a measure of the arc’s length.

For the concentric circles in the figure,

P —

mAB = mCD because the arcs have the same central angle,
but certainly 4B is not as long as CD.



-6’-“

Inscribed Angles (6.1) g B
Definition An angle is an inscribed angle of a circle if its vertex is a point on the circle
6.1) and its sides are chords of the circle.
< BAC ¢

There are three different types of inscribed angles when considered in relation to the center of the circle.
A

' ]
B /_\ C 1) One side of the angle may contain a diameter, as do < g) 5, < 5J K

E
J A 2) The circle’s center may be in the angle’s interior as is the case for < E:J k
S

3) The center may be in the angle’s exterior as it is for <~ #gc

K

Theorem 1 The measure of an inscribed angle is equal to one-half the degree measure of its intercepted arc.
(6.1-T62) | (inser £L=17)
2

Example: m<ﬁ7§€=émﬁzj M<é'jS:jhc?S‘) W(@k;z’m EX

Theorem 2 If two inscribed angles in a circle intercept the same arc or congruent arcs, then the angles are
(6.1-C6.3) dongruent (inscr Zs interceptsame or = sare =).

< JEk aud < JSK - inoeeet care o =>
<€A > < sk
. | -
<'(_:J_’5 end < EKS —/n%f?foﬁﬁ arc €S
< éjé > < €£S

Theorem 3 If an inscribed angle intercepts a semicircle, then itisa [ l,gh-* angle
(6.1-C6.4) (inscr Z interc semi® is rt2).

(#{3(: /.n&‘ch%lol X L
AC = z//muezlfr . . i B " /

m < HRC = -é/md,dﬂ-: J 0" = o



Problem #3 Use the fi gure to answer the questions.

(6.1-#21-24) mXY:mVZ:mZX =5:6:7 (fx#fnc/ec/m%
_ )
a) Find me, m?Z,and mZ/—)E o
Lt m Xy 5K S omXy =000
. m/’_g. 3 6 x _ M Y? - /700‘“};\‘}
W ZX = 7X o / s 7 %2
Then Sx+6x4+7X =360 | M 2ZX=
X = 20 \./ S
b) Find the measure of angles 1 to 5.
</r<2,a and <3 ewdrad x's
m</ = m)(}/ -/00" :;ma/ D <Y~ wiented &

me2 = m)/2 f20° = MC}M:,“) QA \oz- 1Sodedrs => m<‘; )u<(9g
oo wes 2= /40° p 7

o XrFrxX S ML s

0)/ o 4 1207 = 1F0° => o A< F= 3

/ - ™

<3z m KB = /#0 ~we3

Problem #4 Use the figure to answer each question.

(6.1 - # 26) 7o
a) Whatis mZ40C ~ el ra[ }/ =m< HoC= w A C
3 = 5
brt m< P4 = 2572 L AC => mAC = \< e = 930> )

b) What is mAC e s

o c) What is mAB,Q;? . e ’“’;BD C ,
M/TEC: 2606°- m#c:’}éo,fo 30 /Ii/.__._f.— A\

d) What is the measure of the arc intercepted by ZLABC?

/2',( arc /'771( /3/(6?’ Ly KARC I's /4C

\m4cc @

Problem # 5 Given:ﬁll@
(6.1-#30)  Prove: mAC =mBD
— o0 £
) AL O /- gn'vea ) i
2. L Bp-Frewsv.| K. Fuo pos 7 c/e#nwoef e
3. <l X<z 3. Yl att it K'S 4/79—5)
' ) (AB I CY arfh #””fl/‘”‘[ :
] w</ = M(Z ‘/-ct(?f > Myl s

5. M= ) M'M 5 insenbed £ = ém#rcya/f(/ arc .

m<2ﬂ§mlc

6, tmp)=Lmtc! 6 J/Qbfifﬁm /?/Jj

&_ e




Central Angles, Arcs, and Chords
6.2

‘There are some important properties about central angles, arcs, and chords that are associated with a given circle or
with two circles that are the same size. But what is meant by “the same size”™? o x4 hu en'f [ r‘c& S

Definition Two ares of a circle or of congruent circles are congruent iff their degree measures are equal.

Note: Since congruent arcs are defined in terms of numbers (degree measures), the addition, subtraction,

multiplication, and division properties of congruence may be easily extended to include congruence
between arcs.

Theorem 4 If two chords in a circle or in congruent circles are congruent, then their arcs are g‘g% mQV\_'-
(62-T6.6) | (ifchords =, s=).

Write a formal proof.

?m&é

Ser dexHeook

Theorem S (Converse of Theorem 4)
(6.2-T.6.7)

/_f Jno PrcS /e a Grile 97 in covshien areles 7re
covsmeen? o Hen  Fletr gpmo/jaom:a/zéj Chords gre y
(if s=,chords =). covs ne€n

Gilwn O O
pay ~~
Ej > KS
w._._.._——-—+.__—-—-

Prove (?J' > Ks

e | A—

f



Remember that the measure of a central angle is equal to the measure of its /'M frr C{ﬂ% O/ arc

Therefore, we have the following property (theorem):

Theorem6 | 1y, minor arcs of a circle or of congruent circles are congruent if and only if their central

angles are congruent (As = iff central /s =).

The above three theorems are summarized in the following diagram:

= central angles <> =Zarcs <> = chords.

Theorem 7 Chords are at the same distance from the center of a circle if and only if they are congruent.
(6.2-T.6.10

and T. 6.11)

B _ —

A a//ff(OA&) C//sf (054) AR = CO

D
Problem #6
Given: QO Find:
ES||JK a) Zs1-5
mJK =78 b) mJE , mKS, KS .mJC
JE=15cm
s Sl on

N"[( M’Y’L </'\’<§( r\_<5— '<3
(alt- /rﬂ‘f) (::osc A) CLE M/)

m< = MJK=7¢V

Cc Lt wme/= x _ . ey
— < cpe, - ctrarshTe => X+ M2 4 X =/80°=> X
Theac e, ”K/:- 570 C T =w<) =57 kS =J'e’ = ) 5cHe
vt - y hatyls iff & o
@) wed= 50 wAS = W<d =5/ - F an™ES =
wmc¥= 5/ T —

. 0
wmes =517 M/ i/fo-mfk



Chords, Tangents, and Secants

6.2,6.3
Theorem 8 The measure of an angle formed by two chords that intersect within a circle is
(62-T6.5) one-half the sum of the measures of the arcs intercepted by the angle and its vertical
angle.

(2 chords £ = % sum 's ).

Jnof.
< Ae)- (x/ﬁgs/éfAé'D[?’
w #ED = m< /4 w< 2
:ém@gg’mi@\

T

mAep = 4 (%(E-FM#?}

Postulate A line is tangent to a circle, if and only if it is perpendicular to
(6.3-P6.3&4) the radius drawn to the point of contact (tan L rad to point contact).

/-—v(-au%e/ﬁl
VRN YE

<= a—jl{

Theorem 9 The measure of an angle formed by a tangent to a circle and a chord drawn
(6.3-T6.16) | to the point of tangency is on-half the measure of its intercepted arc.

e /""""‘"_'“""‘““’_N«-./:\\\
< H# BAC = '2/ o #/% \\>
— .

Theorem 10 | If an angle is formed by

(62-T6.14, / v
6.3-T6.17 &18) - two secants C </ )
or
- atangent and a secant C <2 )
or
- two tangents L < D )

intersecting in the exterior of the circle, then the measure of the angle is one-half the difference of
the measures of its intercepted arcs.

R D
A A
B
< €hc- oxt.x A OCA ¢ SR
m<€dC=me gch+M<] T TN
me /= m<EDNC- /41<05i W;jm(ﬂ(@ =
= é m éf%— < m DB — i

Y T,
E— m<3=§’(mﬁ%-mﬁy
m< )= L (mEC-—moR) > | S o
=2 e



Problem #7 The next figure suggests a way to remember some of the properties of angles and arcs in circles.
Note that the sizes of the angles decrease from left to right and that O is the circle’s center.
The following arcs and angles are shown in the figure:

1207

Given ares:  mAB =120 and mCD =80°
. _ .
Central angle: m & A0 = m AL = /20

Angle formed by 2 chords: m & AFPB = 3 [’”‘7 A3+t
@ °] = o°
=2 (/Zo 7+ foj = (0

m< AEB = L mps = 60°

Inscribed angle:

Angle formed by two secants:

m < A5 =



Problem #8 Use the figure to answer the questions.

Given OO
tan Eg

a) Name two angles congruent to /KJE . —
</€M/' and < KCJ‘ (intferpped @rc ’9)

b) Name two angles congruent to LJCM . —~
<MK and < MJ‘S (/o)‘(’rcp#z/ dfCJM)

¢) Name three angles supplementary to ZKJS .

LKA KL (e /bm‘@)

d) Name one angle supplementary to ZKCM .
< K J'/?

Problem #9  Given OO
mEJ =88’
mKS =74
m48=§m42
Find m/1-8
Srlukon
—_~ . v °
e m<J=mM<? = ¢ ('MKSMG"/): 21 /79%’): £/
( verticdd r’s)
~~ /-5)
o M<2 = m<C ;—zl(mz(?HkSJ)

B -~ "“\ ] 9 1)
(verk el 2’53 MK?*”;]: 260~ (W{swuf/) = 360 — b2 = [97
“n

b, m<2=mct = L(192) = 7
e wc@=34m<2 = 44975337
(7779»)
o <A- 2xtensy 4 A EF| =2

wm<2=mel4+ <Y => ) .
me l= me2- we? = 99 33°= 66

-~ L
hsch W Ssame " are ;)
o me¥=m</ =66° (/nscnéec/{sm%frcyof a

m<§ = m<&= 33° C/lns(n'éea/{/j /'/7%/’&?0%50%& are ;—)

Clo b Ag/VJ' m< )+gcT + < E = /€0°

AXpS wed +u<Y pucs = /€0

11

m<l= 66°
u<2= 79°
med= /°
M Y = 667
kmcd = 33°
m<6 = 79°
wc7 = 417
mc ¥ - 33°
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Problem #10

Given: AB and AC are tangents to OO, mBC =126°.
Find: a) mZA4

b) mLABC

¢) mLACB D

Slutron o
4 w 3C = /Mw l?/d:C\—' 260~ /26 = 23
m< b =3 [ oc - w &)
= 4 (239"-/26j = 5y°
2 - . o
wm<pBC = Fm8C =2-///25): 63
v pel o Anil - 63

Problem #11  Given: AB and AC are tangents to OO0, mZACB = 68°.
Find: a) mBC B,C € O P
o/
b)mBDC , De 0O Y
c) mZABC /
d) mZA
D,
Soletron

@ W< AR 60°- p W . )
Ac - < AC

m < ACB = é/mﬁx = wBC=2m ,, a

= 264> /36

- 36,00_._ /360 = 2290

© mirBC = m< Al = 687 sopepd swe orc 3¢ )

G/) m< A= f(m EZG—M/?C)
=/ (22$¢°—/3£j = 9¢°
2

Cor wic o ARC, Lvw &5 /470')



| 13
Line and Segment Relationships in the Circle
Lengths of Segments in a Circle

6.2,6.3
Theorem 11 | A line drawn from the center of a circle perpendicular to a chord bisects the chord and the arc
(6.2-T 6.8) | formed by the chord (sec thru center L chord bisects chord & arc).
oRY,
AR - Jwro’

—
,e*(Uwe>Oél-;ﬂﬂ%:SD})Qn.ﬂ&;gC}
Tan 08 LAb  i{f A0 EBS

L)

AC > Ac

oy Jextbook o> 297

Theorem 12 (Converse of Theorem 8)
(6.2-T6.9)

See #KH{WL

Theorem 13
(6.2-T6.12)

The perpendicular bisector of a chord passes through the center of the circle.

Theorem 14
(63-T6.19)

The tangent segments to a circle from an external point are congruent
(tansto © =).

/
Sel -’-@‘("" LDO K
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Theorem 15 : . ;
(62—-T 6.13) If two chords intersect inside a circle, the product of the lengths of the segments of one chord

is equal to the product of the lengths of the segments of the other.

Given (O )
h, Ch - Chords -

ﬂf;inc-o =\ P} AAPC [ <) 2<2 (vor'é;,wlz

' NDOPR (<A ZX<KD (;';"‘j;’cj

Pove | 4. ?a cP ?Dj _ <

i A€;C~ADPB ),
C wowmes F“’\M’ s B ,4,0 —cﬁ - AP PR =CP PP
/’6 e

Theorem 16 - :
(62-T6.15) If two secants are drawn to a circle from an external point, then the product of the lengths of

one secant segment to its external segment is equal to the product of the lengths of the other
secant segment and its external segment.

Glven (D Pror b
Ph s PB - decan/s s Pac </g¢ <p (common (}
l & LAY ? ( Intores?

;'(p/ca

' ' <P E<H
Jrove |PhPC = 78 ~/>o{
, SoPEC A B PFO (AA) =2
i "R
4 PC = PR PO
7 e
Theorem 17
m) If a secant and a tangent are drawn to a circle from an external point, then the length of the

tangent segment is the geometric mean between the length of the secant segment and its
external segment.

Glven (D) ~  Pref
7 - Fanecn —
PC - #::5747" 0 PAG | <Pzl (U *)
s nPChA  |<ppp < Pch —
Proye ( soteeyit e 72,
” {/%’: 7. 26 / > A28 A Ped (HA) =
’ LA 2B
2C PH
/)42.: FE P
'-/______

G
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Problem #12  Given: Diameter AB | CE at D

Prove: CD is the geometric mean of AD and DB.

Conditron @d ,40 DB
Sylu o
[letiod T e Hed £ A
A Al Cf = atbelude FA, TE- #cants =>
= #4006 #0 0B = €O OE 5
(&t = qeou pean 5™ '/) AR L CE = CO=)E

C secont _/ céorf/ S/gecrc c[wm’) =

. %0 og=CO*
Polygons inscribed in a circle
6.4
Definition Any polygon is inscribed in a circle if and only if all its vertices are points of the circle;

the cirele is said to be circumscribed about the polygon.

Also, a circle is inscribed in a polygon if and only if it is tangent to each of the polygon’s sides.

Example:

- the square is inscribed in the / Aroe/ ¢ e
[

- the larger circle is  C/Fet WSCr ! be C/ about the square.

C the Swalley clrda

is inscribed in the square.

Theorem 18 | If a quadrilateral is inscribed in a circle, then its opposite angles are

(6.4-T6.23) 7L /IV/
QVMC( weyy7 @ (if quad inscr in O, opp Z s supp).
/7 a

Mt o = °
<8an/<0 gt 3((‘61@‘('%0"2/ '

4 /MAWCJ—-Z o ABC

J(Q’V/MCJ— m/*/gc)

:.i//géy :‘/c?O'

y

meB + w <)

U



