Math 180 www.timetodare.com

Section 5.3
The Definite Integral

We saw in Section 5.1 that when attempting to estimate the area under a curve or the distance traveled by an object ,
wearrived at limits of the form
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wheref was a nonnegative continuous function defined on a closed interval [a,b], X, %, ,...X, Where pointsin [a,b],

and Dx =2~ 2 wasthewidth of each subinterval [x,_,, |-
n

The same type of limit occursin awide variety of situations even when f is not necessarily a positive function. We will
see that limits of the form (1) also arise in finding lengths of curves, volumes of solids, centers of mass, force dueto
water pressure, and work, as well as other quantities. We give this type of limit a special name and notation.

Definition of a Definite Integral If f is a continuous function defined on [a, b] , we divide the interva [a, b] inton

subintervals of equal width Dx=ﬁ. Welet x, =a,X,,%,,...X, =b bethe
n

endpoints of these subintervals and we choose sample points c,,C,,...C, inthese

subintervals, so G, liesin thekth subintervl [X,;, %]
Then the definiteintegral of f from atobis
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Note 1

Note 2

Note 3

Note 4

Note 5

b

of (x)dx

*  Thesymbol b was introduced by Leibniz and is called an integral sign. It is an elongated S and
was chosen because an integra is alimit of sums.

= f(x) iscaled theintegrand.

*» aandb arecdled the limits of integration; aisthe lower limit and b isthe upper limit.

b
= Thesymbol dx has no official meaning by itself; &f (x)dxisall one symbol.

» The procedure of calculating an integral is called integration.

b
The definiteintegral ()f (x)dx is anumber; it does not depend on x. We could use any letter in place

of x without changing the value of the integral:

b b
Of (x)dx = )f (t) ot

Because we have assumed that f is continuous, the limit in the definition always exists and gives the
same value no matter how we choose the sample points ¢, .

The limit in the definition aso exists if f has a finite number of removable or jJump discontinuities
('but not infinite discontinuities). We can also define the definite integral for such functions.

Thesum § f(c,) Dx iscaled aRiemann sum.

k=1

Theset { X, %,%,...X,} is caled a partition of [a,b].

If f takes on both positive and negative values, as in the above figure, then the Riemann sum is the
sum of the areas of the rectangles that lie above the x-axis and the negatives of the areas of the
rectangles that lie below the x-axis. When we take the limit of such Riemann sums, we get the
situation illustrated below. A definite integral can be interpreted as anet area, that is, a difference of

areas:
b

of (X)dx=A- A,

a

where A isthe areaof the region above the x-axis and below the graph of f and A, isthe area of the
region below the x-axis and above the graph of f.
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Note 6

3

b
Although we have defined yf (x) dx by dividing [ a, b] into subintervals of equa width, there are

situations in which it is advantageous to work with subintervals of unequa width. If the subintervals
have different widths, we have to ensure that al these widths approach 0 in the limiting process. This
happens if the largest width approaches 0.

Expressing Limits as Integrals

Exercise 1

Note:

.8 4 3 ) N . .
Express ngélg:k +¢, sinc, fDx asanintegral on the interval [op].

When we apply the definite integral to physical situations, it will be important to recognize limits of
sums as integrals. In general when we write

.8 b
i 1 (5.)0x= o (x) o

Wereplacelimé by @, ¢ by x and Dx by dx.

Evauating Integrals

When we use the definition to evaluate a definite integral, we need to know how to work with sums.

Exercise 2

é"‘k:n(n+1) énc:nc

k=1 2 k=1

g 2 = n(n+1)6(2n+1) én. . :Cg .

k=1 k=1 k=1

iy én(n+1)uf d g 3
ak3=é¥g a(ath)=aa,tab
k=1 e u k=1 k=1 k=1

a) Evaluate the Riemann sum for f (x) = x> - 6x taking the sample paints to be right-hand endpoints
anda=0b=3n=6.

b) Evaluate axf’ - 6x)dx.
0



Using Area to Evauate Definite Integrals

Exercise 3 Evaluate the following integrals by interpreting each in terms of aress.
1

a) cV1- x%dx
0

b) ¢fx- 1)dx

1
c) ¢J¥dx
-2

Properties of the Definite Integral

a b
1. Order of Integration Of (x) dx=- Bf (x) dx
b a
2. Zero Width Interval Of (x)dx=0
»
3. Congtant Function cgdx=c(b- a)
o 0
4. Congtant Multiple O (x) dx =k &yf (x)dx
Z : b b
5. Sum and Difference 3 (x)2g(x))dx =) (x)dx 3 (x) dx
b c c
6. Additivity Of (x)dx+ ¢ (x)dx = ¢y (x) dx
a b Aa .
7. Max —Min Inequality IfmEf(x)EM for xI [a,b], then m(b- a) £ ) (x)dx£M (b- a)
b
8. Domination If f(x)20 on [a,b] then &)f (x)dx3 0

t1(x)2 g(x) on [a,b], then Zy (x)ce® & (x)

a

1
Exercise4  a) Evaluate d4+ 3x2) dx
0

10 8 10
b) If itisknown that ()f (x) dx =17 and @) (x) dx =12, find )f (x )dx.
0 0 8
! 2
¢) Use Property 7 to estimate (g™ dx
0



