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3.2 Synthetic Division
3.3 Zeros of Polynomial Equations

In these sections we will study polynomias agebraically. Most of our work will be concerned with finding the
solutions of polynomial equations of any degree —that is, equations of the form
f(x)=ax"+a, X" +.+8,X +ax+ 3,=0 )

Definition A root or solution of equation (1) is a number k that when substituted for x leads to atrue
statement. Thus, k isaroot of equation (1) provided f (k) =0.
We also refer to the number k in this case as a zero of the function f.

Exercise#1  Checking for a zero or root.

a) Is-lazeoof P(X)=-X +x° - x+1?

b) Is x:éaroot of the equation 2x* - 3x+1=0 ?

Note: If aroot isrepeated n times, we cdl it aroot of multiplicity n

Exercise#2 &) State the multiplicity of each root of the equation: x* (x +1)3 (x-1)=0

(3.3 - #46) b) Find all zeros and their multiplicities: f (x) =5x (x+1- «/E) (2x+5)

(33-#48)  ©) Findall zeros and their multiplicities: f(x)=(7x- 2)°(x*+9)



Division of Polynomials

The process of long division for polynomias follows the same four-step cycle used in ordinary long division of
numbers. divide, multiply, subtract, bring down.
Notice that in setting up the division, we write both the dividend and divisor in decreasing powers of x.

Exercise#3  Divide 5X° - 6x* - 28x- 2 by x+2.
(3.2— Example 1)

The result of the division can be written as;

Note 1) Second equation isvalid for all real numbers x, whereas first equation carries implicit restrictions that
x my not equal -2. For this reason, we often prefer to write our results in the form of the second

equation.

2) The degree of the remainder is less than the degree of the divisor. Thisis very similar to the Situation
with ordinary division of positive integers, where the remainder is always less than the divisor.

The Division Algorithm Let f (x)and g(x) bepolynomidswith g(x) of lower degreethan f (x)
(32 and assumethat g(X)* 0. Then there are unique polynomias qg( x) and
r (x) such that

F(x)=g(x)pa(x)+r(x)

where r (x) =0 or the degree of r (x) isless than the degree of g(x).

The polynomials f (x) and g () are called the dividend and divisor,
respectively, q(X) isthe quotient, and 1 ( X) isthe remainder.

When 1 (x) =0, wehave f (x)=g(x)>q(x) andwesay that g(x) and q(x) arefactorsof f (x).



Exercise#4  Usnglong division to find a quotient and a remainder.
Divide x*+2x°- 4 by x- 3.

Synthetic Division

- Synthetic division is a quick method of dividing polynomias.

- It can be used when the divisor isof theform x- K.

- Inthe synthetic division we write down only the essential parts of the long division table
(the coefficients).

Exercise#5  Use synthetic division to perform the following divisions:
(3.2-#2,11)

X° +4x% - 5x+44
X+6

a)

If f(x)=x’+4x*- 5x+44, evaluate f (- 6). What do you observe?
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If f(x) =1 2 s L i1 evaluate faé—Lg.What do you observe?
3 27 &35

The Remainder Theorem | When wedivide apolynomial f (x)by x- k, the remainder is f (k).

(3.2
Proof

Exercise#6  Using the remainder theorem to evaluate a function and check for a factor.
(3.2-#27,35)

a) Let f(X)=x"+5x+6.
i) Evaluate f (-2).

ii) Is x+2 afactor of f (x)=x*+5x+6?



b) Let f (x) =6x*+x°- 8X° +5x+6.

i) Evaluate f %9
7]

iy Is x- = afactor of f (x) =6x" +x° - 8X +5x+6?

The Factor Theorem | The polynomia X- K isafactor of the polynomia f (X)if and only if f (k)=0.
(33)

Exercise#7  Let f(x)=2x"- 4x* +2x- 1.

a) What is the remainder when dividing the given polynomia by X- 2?In how many ways can
you find the remainder? Which method is the easiest one?

b) Is X- 2 afactor of f (X)?

c) Isx- 1afactorof f (x)?



Exercise#8  Factoring a polynomia given a zero.

(33-#19  a)Let f(x)=6x>+13x"- 14x +3. Show that -3 isazero and use this fact to factor
f (x) completely.

(33-#28) b f(x)=2x"+x>- 9% - 13x- 5. Knowing that -1 is aroot of multiplicity 3, factor
f (x) into linear fectors.

The Conjugate Zeros Theorem If f(x)isapolynomial function with real coefficients and if a+bi is

(33 azeroof f (), thenits conjugate a- bi isaso azero of f (x).

Exercise#9  For each polynomia , one zero is given. Find all the others.
(3.3-#31, 32

a) f(x)=x"- 7x*+17x-15; 2- i



b) f(x)=4x>+6x% - 2x- 1; %

The Fundamental Theorem of Algebra
(3.3

Every polynomial equation of the form

f(x)=ax +a, X" +..+a,X +ax+ 3,=0 (n31a,*0)
has at least one root within the complex number system. (This root may be areal number).

The Linear Factors Theorem

Every polynomial of degreen can be expressed as a product of n linear factors.

F (%) =a, (x- %) (x- %) (x- x,),
where a,, isthe leading coefficient and X are the roots of the polynomial.

Theorem Every polynomial of degree n 3 1 has exactly n roots, where aroot of multiplicity k is counted
k times.

Exercise#10 Write each polynomial as a product of linear factors.

a) f(x)=3*- 5x- 2



b) f(x)=x*-5

c) f(x)=x*- 4x+5

Exercise#11 Finding polynomia equations satisfying given conditions.

In each casg, find a polynomia equation f (x) = 0 satisfying the given conditions. If thereis no
such equation, say 0.

(3.3-#49) a) Find apolynomial function of degree 3 having the numbers -3, 1, and 4 asroots and
satisfying f (2)=230.



b) A factor of f (X) is x- 3, and -4 isaroot of multiplicity 2.

(3.3-#53) ¢) Find apolynomial function of degree 3 having the number -3 as a zero of multiplicity 3 and
satisfying the condition f (3)=36.

Exercise#12 Find apolynomial function of least degree having only real coefficients with zeros as given.
(3.3-#57,68) What isthe degree of each polynomial?

a) 2 and 1+i.



b) 5+i and 4-i .

The Number and L ocation of Real Zeros

Descartes Rule of Signs

In some cases, the following rule — discovered by the French philosopher and mathematician Rene Descartes
around 1637 — is helpful in eiminating candidates from lengthy lists of possible rationa roots.

To describe this rule, we need the concept of variation in sign. If f (X) isapolynomial with rea coefficient,
written with descending powers of x (and omitting powers with coefficient 0), then avariationin signisa

change from positive to negative or negative to positive in successive terms of the polynomia (adjacent
coefficients have opposite signs).

Example#5 How many variationsin sign occur in the following polynomia?

f(x)=5x"- 3x°- X' +2x° + x- 3

Descartes Rule of Signs
(3.3
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Let f (X) be a polynomial with rea coefficients and a nonzero constant term.

a) The number of positive rea zeros of f (x) is either equal to the number of variationsin

signin f (X) orislessthan that by an even whole number.

b) The number of negative rea zeros of f (x) is either equal to the number of variationsin

signin f (- X) or islessthan that by an even whole number.
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Exercise#13 Use Descartes rule of signsto determine the possible number of positive rea zeros and
(3.3- #73, #77) negative real zeros for each function.

a) f(x)=2x>- 4x* +2x+7

b) f(x)=x"+3x"- x> +2x+3

Finding all the rational zer os of a polynomial

The Factor Theorem tells us that finding the zeros of a polynomia is redlly the same thing as factoring it into
linear factors. We now study a method for finding all the rational zeros of a polynomial.

Example#3 Consider the polynomial
f (x)=(x- 2)(x- 3)(x+4) Factored form

= Expanded form.

What are the zerosof  f () ?

Wheat relationship exists between the zeros and the constant term of the polynomial ?

The next theorem generalizes this observation.



The Rational Zeros Theorem
(3.3
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If the polynomid f (x) =a x" +a, X" +...+3,X +ax+a,
(a,* 0,a,t0) hes integer coefficients, then every rational zero of f (x)

is of the form—p where p is afactor of the constant coefficient a,

q

g isafactor of the leading coefficient a,, .

Note: The Rational Zeros Theorem gives only POSSIBLE rational zeros. It does not tell us whether these
rational numbers are actua zeros.

Exercise#14 Usng the Rational Zeras Theorem

(3.3 — Example 3)

Do each of the following for the polynomia function defined by

f (x) =6x*+7x - 12x* - 3x+2.

a) List all possible rational zeros.

b) Findal rational zeros and factor f () into linear factors.

Finding the Rational Zeros of a Polynomial

1. Lis al possible rational zeros using the Rational Zeros Theorem.

2. Use synthetic division to evaluate the polynomial at each of the candidates for rational zeros that
you found in Step 1. when the remainder is O, note the quotient you have obtained.

3. Repeat Steps 1 and 2 for the quotient. Stop when you reach a quotiernt that is a quadratic or factors
easly, and use the quadratic formula or factor to find the remaining zeros.




Exercise#15 For each polynomia function
(3.3 - #37, 40)
i) List the maximum number of real zeros,
i) List the number of positive rea zeros and negative real zeros,
iii) list al possible rationa zeros,
iv) find dl rationa zeros;

V) factor f (x).

a) f(x)=x+6x- x- 30.

b) f(x)=15x°+61x*+2x- 8
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Exercise#16 a) Find dl the complex zerosof f (x)=x*- 6x° +22x* - 30x +13.

b) Find al the solutions of x* - 5x° - 5x* +23x+10=0.
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