Math 180 Fall 2008 Name:

TEST #1 @ 145 points

Write neatly. Show all work. Write all proofs on separate green paper. Label each exercise.

PART I @ 10 points — open notebook

1. Prove the following:
If a function fis differentiable at a point a, then it is continuous at a.
2. Prove the following:

. cosx—1
lim——— =
x—0 X

0

3. Prove the following:
d
—(a ) =a'lna
dx

4. Complete the following formulas. Do not prove.

. e -1
lim =
h—0 h




Math 180 Fall 2008 Name:

Write neatly. Show all work. Write all proofs on separate white paper. Label each exercise. .

PART 1I @ 135 points

1. a) Write the definition of
limg(x)=L.

b) Write the mathematical definition of:
The function y = (x) is continuous at x =a.

¢) When is a function y = f (x) discontinuous at x =a ?

3

. 4 -

2. Prove that limx” sin==0
x—0 X

3. Prove the following formula:

g;(sin x)=cosx

4, Use the following graph to answer the questions. If a limit does not exist, explain.

ot (2

v Figd

b) lim £ (x)

¢) Is the function f continuous at x = 0 ? Explain using the definition. b “

d) At what points in the interval (—1,2) is the function discontinuous? Explain.

RTINS
5. Let f(x) =9x+42 . Answer the following:
k if x=3

a) Find ksuch that f is continuous at x = 3. Do not just write an answer, show a correct mathematical proof.

b) Give a value for k for which the function is not differentiable. Explain how you know that value will make
f not differentiable at x = 3.

. . . e
6. Find an equation for the tangent line to the curve y = 1n(3x) at x = 3

7. Use the definition of derivative to find the following:
a) f'(0) if f(x)=x"+3x-1.

b) %g if g(x)=v2x+1.



11 3
. & At what points does the graph of f (x) =x'+ ?x3 —Exz +5 have a horizontal tangent? Do not just write an
answer, prdve and explain.
‘ x’sin L if x#0
‘9, Let f (x) = X :
0 if x=0
Prove whether the function is differentiable at x = 0 or not.
10. Find the following limits. Do not just write an answer, show proof.
. x+1)(5-x .
a) hm(————)ﬁ———2 Qlun(Jx2+x—wa2~x)
x> 5" I xX— 5| x> 1
. 20+46cosb .
by lim ——— e) hm(\/x2+x—\/x2—x)
90 sinfcosd x>
e e . dy .. 4 3
11. a) Use implicit differentiation to find :i_ ifx’+y =5xp.
: x
b) At what point(s) is the tangent to the curve horizontal ? Simplify as much as possible and give the coordinates
of the point(s).
12.

Calculate the following and simplify as much as possible. You may use logarithmic differentiation if you find it
necessary. ,

=

a) g'(x) if g(x)=2(%+1]_

1

tNe+1

c) h"(X) - the second derivative if h(x) = cot(x2 )

dy .
b) = if y=1
)dt'y !

d) f'(x) if f(x):sin"(cos(2x+5))

€) y’(x) if Y= x*!




13. Water is flowing at a constant rate into a cylindrical tank. Let V(t) be the volume of water in the tank and h(t)
be the height of water in the tank at time t.

a) What are the meanings of J' (t) and h'(t) ? Are these derivatives positive, negative, or zero? Explain.
b) Is V"(r) positive, negative, or zero? Explain. '

¢) Assume the radius of the base is 10 m and the water is flowing into the tank at a rate 250 L/min. How rapidly
will the water level inside the tank rise? (Note: 1m® =1000L water.)

14. The position of a particle is given by the equation
s(1)=2 =51 +1

where t is measured in seconds and s in meters
a) Find the velocity at time ¢ =2 seconds.
b) When is the particle at rest?

¢) Find the acceleration at time ¢ = 2 seconds.

EXTRA CREDIT - You may choose only TWO exercises for extra credit.

#1 @2 points
When we consider the flow of blood through a blood vessel, such as a vein or artery, we can model the shape of
the blood vessel by a cylindrical tube with radius R and length /. Because of friction at the walls of the tube, the
velocity v of the blood is greatest along the central axis of the tube and decreases as the distance  from the axis
increases until v becomes 0 at the wall. The relationship between v and 7 is given by

P
V= E(RZ —r? ) , where 7 is the viscosity of the blood and P is the pressure difference between the
n

d
ends of the tube. If P and / are constant, then v is a function of 7. Find il .

dr

#2 @ 3 points
For what positive values of ¢ do the graphs of the two given functions have exactly one point in common?

f(x)zlnx, g(x)=cx’.

#3 (@ 4 points

Find numbers a and b such that ling——_ =1.
X—> x
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